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ABSTRACT
In this paper, we introduce the notion of intuitionistic fuzzy regular generalized semipreclosed sets. Furthermore, we investigate
some of the properties and characterizations of the intuitionistic fuzzy regular generalized semipreclosed sets.
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1 Introduction

Ever since the establishment of fuzzy sets by Zadeh [13] in 1965, fuzzy has invaded almost all branches of Mathematics.
Later the introduction of fuzzy topology by Chang [3] in 1967 was an annexation towards the hike of fuzzy sets and fuzzy topology.
The perception of intuitionistic fuzzy sets by Atanassov [2] was a breakthrough towards the evolution of intuitionistic fuzzy topology.
Using the notion of intuitionistic fuzzy sets, Coker [4] has constructed the basic concepts of intuitionistic fuzzy topological spaces.
Subsequently in 1986 Andrijevic [1] proposed the notion of semipreclosed sets in general topologywhich was followed by the
introduction of intuitionistic fuzzy generalized semipreclosed sets by R. Santhi and D. Jayanthi [8] in 2010. We now extend our
visionary towards intuitionistic fuzzy regular generalized semipreclosed sets and study some of their properties and characterizations.

2 Preliminaries

Definition 2.1 [2]:An intuitionistic fuzzy set (IFS in short) A is an object having the form A={(x, pa(x), va(X)) : x € X}where the
function pa : X — [0,1] and va : X — [0,1] denote the degree of membership (namely pa(X)) and the degree of non membership
(namely va(X)) of each element x € X to the set A, respectively, and 0 < pa(x) + va(x) <1 for each x € X. Denote by IFS(X), the set
of all intuitionistic fuzzy sets in X.

An intuitionistic fuzzy set A in X is simply denoted by A=(x, pa, va) instead of denoting A={(x, pa(x), va(x)) : X € X}.
Definition 2.2 [2] : Let A and B be two IFSs of the formA={(x, pa(x), va(x)} : X € X} and B={(x, ps(x), va(X)) : X € X}.
Then,

@ A € B if and only if pa(x) < ps(x) and va(x) > ve(x) for all x € X;
(b) A=Bifand only if A € B and A2 B;

(c) A° = {(x, va(x), pa(x)) : x € X}

(d) ANB = {(x, pa(X) A us(X), va(x) vV ve(x)): x € X};

(e) AUB = {(x, pa(X) V pa(X),va(X) A va(X)): x € X}.

The intuitionistic fuzzy sets 0~ = (x, 0, 1) and 1~ = (x, 1, O) are respectively the empty set and the whole set of X.
Definition 2.3 [4] :An intuitionistic fuzzy topology (IFT in short) on X is a family t of IFSs in X satisfying the following axioms:
(i) O~,1~€1
(i) Gi1N Gz € tforany G1,G2€ 1
(iii) U Gj € 1 for any family {G;: i€ J}< 1.

In this case the pair (X, 1) is called the intuitionistic fuzzy topological space (IFTS in short) and any IFS in t is known as an
intuitionistic fuzzy open set (IFOS in short) in X. The compliment A® of an IFOS A in IFTS (X,7) is called an intuitionistic fuzzy
closed set (IFCS in short) in X.
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Definition 2.4 [4] : Let (X, 1) be an IFTS and A= (x, pa, va) be an IFS in X. Then the intuitionistic fuzzy interior and
intuitionistic fuzzy closure are defined by

int(A) =u{G/GisanIFOSinXandGES A}

cl(A)=N{K/K is an IFCS in X and ACK}.

Note that for any IFS A in (X, 1), we have cl(A®) = (int(A))¢ and int(A°) = (cl(A))".

Definition 2.5 [6] : An IFS A = (X, pa, va) in an IFTS (X,1) is said to be an
(i) intuitionistic fuzzy semi closed set (IFSCS in short) if int(cl(A)) € A
(i) intuitionistic fuzzy pre closed set (IFPCS in short) if cl(int(A)) € A

(iii) intuitionistic fuzzy o closed set (IFaCS in short) if cl(int(cl(A))) € A
(iv) intuitionistic fuzzy B closed set (IFBCS in short) if int(cl(int(A))) S A

The respective complements of the above IFCSs are called their respective IFOSs. The family of all IFSCSs, IFPCSs,
[FaCSs and IFBCSs (respectively IFSOSs, IFPOSs, IFaOSs and IFBOSs ) of an IFTS (X, 1) are respectively denoted by IFSC(X),
IFPC(X), IFaC(X), IFBC(X) (respectively IFSO(X), IFPO(X), IFaO(X), IFBO(X)).

Definition 2.6 [13] : AN IFS A = (X, pa, va) in an IFTS (X,7) is said to be an
(i) intuitionistic fuzzy semi-pre closed set (IFSPCS in short) if there exists an IFPCS B such that int(B) € A € B,
(i) intuitionistic fuzzy semi-pre open set (IFSPOS in short) if there exists an IFPOS B such that B <€ A < cl(B).

The family of all IFSPCSs (respectively IFSPOSs) of an IFTS (X,1) is denoted by IFSPC(X) (respectively IFSPO(X)).
Every IFSCS (respectively IFSOS) and every IFPCS (respectively IFPOS) is an IFSPCS (respectively IFSPOS). But the
separate converses need not hold in general.

Definition 2.7 [11] : AnIFS Aisan
Q) intuitionistic fuzzy regular closed set (IFRCS in short) if A = cl(int(A))
(i) intuitionistic fuzzy regular open set (IFROS in short) if A= int(cl(A))

(iii) intuitionistic fuzzy generalized closed set (IFGCS in short) if cl(A) < U whenever A < U and U is an IFOS

(iv) intuitionistic fuzzy regular generalized closed set (IFRGCS in short) if cl(A) € U whenever A € U and U is IFROS.
Definition 2.8 [5] : An intuitionistic fuzzy point (IFP in short), written as p(p), is defined to be an intuitionistic fuzzy set of X given
by

(@B ifx=p,
P ) = {(0, 1) otherwise.

An intuitionistic fuzzy point peg) is said to belong to a set A if a < pa and B > va.
Definition 2.9 [10] : Two IFSs are said to be g-coincident (A 4 B in short) if and only if there exists an element x € X such that
HA(X) > vB(X) or VA(X) < pg(X).

Definition 2.10 [10] : Two IFSs are said to be not g-coincident (A ¢¢ B in short) if and only if A € B®.

3 Intuitionistic fuzzy regular generalized semipreclosed sets

In this section we introduce the notion of intuitionistic fuzzy regular generalized semipreclosed sets and study some of
their properties including the relation between intuitionistic fuzzy regular generalized semipreclosed sets and few of the other already
existing intuitionistic fuzzy sets.
Definition 3.1  AnIFS A in an IFTS (X,7) is said to be an intuitionistic fuzzy regular generalized semipreclosed set (IFRGSPCS
in short) if spcl(A) € U whenever A € U and U is an IFROS in (X,1).
The family of all IFRGSPCSs of an IFTS (X,1) is denoted by IFRGSPC(X).
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Example 3.2 Let X = {a, b} and G = (x, (0.5, 0.4), (0.5, 0.6)) where pg(a) = 0.5, pe(b) = 0.4, vg(a) = 0.5, va(b) = 0.6. Then t = {0~,
G, 1~}isan IFT on X. Let A = {x, (0.4, 0.2), (0.6, 0.7)) be an IFS in X. Then, [FPC(X) = {0~, 1~, ua € [0,1], p € [0,1], va € [0,1],
Vb € [0,1] / either pp > 0.6 or up < 0.4 whenever pa> 0.5, pa +va <1 and Wb +vp < 1}. Therefore, IFSPC(X) = {0~, 1~, na € [0,1],
W€ [0,1], va€ [0,1], vb € [0,1]/ pa +va< 1 and py+ vy <1}. Now spcl(A) = A. We have AC G. Hence spcl(A) € G, where G is
an IFROS in X. This implies that A is an IFRGSPCS in X.

Theorem 3.3 Every IFCS in (X,1) is an IFRGSPCS in (X,) but not conversely.

Proof: Let A be an IFCS then cl(A) = A. Let Ac U and U is an IFROS. Then spcl(A) < cl(A) = A € U, by hypothesis, A is an
IFRGSPCS.

Theorem 3.4 Every IFGCS in (X,1) is an [IFRGSPCS in (X,t) but not conversely.

Proof: Let Ac U and U be an IFROS. Since every IFROS is an IFOS, U is an IFOS in X. Then by hypothesis cl(A) € U. As
spcl(A) < cl(A) we have spcl(A) € U. Hence A is an IFRGSPCS.

Theorem 3.5  Every IFSPCS in (X,1) is an IFRGSPCS in (X,t) but not conversely.

Proof: Let A be an IFSPCS and A € U, where U is an IFROS. Then since spcl(A) = A and A < U, we have spcl(A) < U. Hence
Ais an IFRGSPCS.

Theorem 3.6 Every IFBCS in (X,t) is an IFRGSPCS in (X,t) but not conversely.

Proof: Let A be an IFBCS and A € U, U is an IFROS. Then since Bcl(A) = A and A € U, we have Bcl(A) S U. Hence A is an
IFRGSPCS.

Theorem 3.7 Every IFSCS in (X,1) is an IFRGSPCS in (X,t) but not conversely.

Proof: Let A be an IFSCS. Since every IFSCS is an IFSPCS[12], by Theorem 3.5, A is an IFRGSPCS.

Theorem 3.8 Every IFPCS in (X,7) is an IFRGSPCS in (X,t) but not conversely.

Proof: Let A be an IFPCS. Since every IFPCS is an IFSPCS[12], by Theorem 3.5, A is an IFRGSPCS.

Theorem 3.9 Every IFaCS in (X,1) is an IFRGSPCS in (X,1) but not conversely.

Proof: Let A be an IFaCS. Since every IFaCS is an IFSPCS [12] , by Theorem 3.5, A is an IFRGSPCS.

Theorem 3.10 Every IFRCS in (X,7) is an IFRGSPCS in (X,t) but not conversely.

Proof: Let A be an IFRCS. Since every IFRCS is an IFCS [10], by Theorem 3.3, Aiisan IFRGSPCS.

Remark 3.11 Every IFCS, IFPCS, IFSCS, IFRCS, IFGCS, IFSPCS, IFaCS, IFBCS are IFRGSPCS but their converses need not be
true in general.

I[FCS —» IFGCS

/NN

[FRCS — IFuCS — IFPCS — X IFRGSPCS

S L

IFSCS—» IFSPCS— IFBCS

In the above diagram the reverse implications are not true in general. This can be easily seen from the following examples.

Example 3.12 Let X ={a, b} and G = (%, (0.5, 0.4), (0.5, 0.6)) where pc(a) = 0.5, pus(b) = 0.4, vg(a) = 0.5, vg(b) = 0.6. Then T = {0~,
G, 1~}isan IFT on X. Let A = (x, (0.4, 0.2), (0.6, 0.7)) be an IFS in X. Then, IFPC(X) = {0~, 1~, pa € [0,1], po € [0,1], va € [0,],
b € [0,1] / either pp > 0.6 or up< 0.4 whenever pa=> 0.5, pa +va<1 and py + vy < 1}. Therefore, IFSPC(X) = {0~, 1~, pa € [0,1], o
€ [0,1], va€ [0,1], vo € [0,1]/ pa+Vva<T1and p+ vp < 1}. As spcl(A) = A, we have A € G implies spcl(A) € G, where G is an
IFROS in X. This implies that A is an IFRGSPCS in X. Now since cl(A) = G® # A, A is not an IFCS in X. Also A € G but cl(A) =
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G® & G. Therefore A is not an IFGCS in X. Now cl(int(A)) = cl(0~) = 0~ # A. Therefore A is not an IFRCS in X. Hence A is an
IFRGSPCS but not IFCS, IFGCS, IFRCS.

Example 3.13 Let X ={a, b} and G = (%, (0.5, 0.6), (0.5, 0.4)) where pc(a) = 0.5, pue(b) = 0.6, vg(a) = 0.5, vg(b) = 0.4. Then T = {0~,
G, 1~}isan IFT on X. Let A =(x, (0.5, 0.7), (0.5, 0.3)) be an IFS in X. Then, IFPC(X) = {0~, 1~, pa € [0,1], w € [0,1], va € [0,1],
vp € [0,1] / w< 0.6 whenever pa > 0.5, pa < 0.5 whenever pp > 0.6, pa + va < 1 and w + wvn» < 1}. Therefore,
IFSPC(X) = {0~, 1~, na € [0,1], w € [0,1], va€ [0,1], vo € [0,1] / up < 0.6 whenever pa> 0.5, pa< 0.5 whenever pp> 0.6, pa + va< 1
and pp+vp<1}. Asspcl(A) = 1~, we have A € 1~ implies spcl(A) € 1~, where 1~ is an IFROS. This implies that A is an IFRGSPCS
in X. Now since cl(int(A) = cl(G) = 1~ € A we get A is not an IFPCS in X. Further int(cl(int(A))) = int(1~) = 1~ € A. Hence A is
not an IFBCS in X. Also int(cl(A)) = int(1~) = 1~ € A. Thus A is not an IFSCS in X. Now since cl(int(cl(A))) =cl(1~) =1~ £ A,
A is not an IFaCS in X. Further there exists no IFPCS B such that int(B) € A < B. Therefore A is not an IFSPCS in X. Hence A is
an [FRGSPCS but not IFPCS, IFBCS, IFSCS, IFaCS, IFSPCS.

Theorem 3.14 Let (X,1) be an IFTS. Then for every A € IFRGSPC(X) and for every B € IFS(X), A € B < spcl(A) = B €
IFRGSPC(X).

Proof: LetB < Uand U be an IFROS. Then since, AC B, A € U. By hypothesis,B < spcl(A). Therefore spcl(B) < spcl(spcl(A))
=spcl(A) < U, since A is an IFRGSPCS. Hence B € IFRGSPC(X).

Theorem 3.15 An IFS A of an IFTS (X,1) is an IFRGSPCS if and only if A °F = spcl(A) (¢ F for every IFRCS F of X.

Proof: Necessity: Let F be an IFRCS and A (¢ F, then by Definition 2.10, A < F°, where F° is an IFROS. Then spcl(A) < F¢, by
hypothesis. Hence again by Definition 2.10, spcl(A) ¢ F.

Sufficiency: Let U be an IFROS such that A € U. Then U¢is an IFRCS and A < (U)°. By hypothesis , A (¢ U°= spcl(A) «* U°.
Hence by Definition 2.10, spcl(A) € (U°)°¢ = U. Therefore spcl(A) < U. Hence A is an IFRGSPCS.

Theorem 3.16 Let (X,t) be an IFTS. Then every IFS in (X,t) is an IFRGSPCS if and only if IFSPO(X) = IFSPC(X).

Proof: Necessity: Suppose that every IFS in (X,1) is an [IFRGSPCS. Let U € IFRO(X), then U € IFSPO(X) and by hypothesis,
spcl(U) € U < spcl(U). This implies spcl(U) = U. Therefore U € IFSPC(X).Hence IFSPO(X) < IFSPC(X). Let A € IFSPC(X), then
A€ IFSPO(X) < IFSPC(X). That is, A®€ IFSPC(X). Therefore A€ IFSPO(X). Hence IFSPC(X) < IFSPO(X). Thus IFSPO(X) =
IFSPC(X).

Sufficiency: Suppose that IFSPO(X) = IFSPC(X). Let AcC U and U be an IFROS. Then U € IFSPO(X) and spcl(A) < spcl(U) =
U, since U € IFSPC(X), by hypothesis. Therefore A is an IFRGSPCS in X.

Theorem 3.17 If A is an IFROS and an IFRGSPCS in (X,t) then A is an IFSPCS in (X,1).

Proof: Since A € A and A is an IFROS, by hypothesis, spcl(A) € A. But A < spcl(A). Therefore spcl(A) = A. Hence A is an
IFSPCS.

Theorem 3.18 Let A be an IFRGSPCS in (X,t) and p(a, B) be an IFP in X such that int(p(a, B)) qspcl(A), then cl(int(p(a, B))) ¢ A.
Proof: Let A be an IFRGSPCS and let int(p(a, B)) gspcl(A). If cl(int(p(a, B))) £ A then by Definition 2.10,

A € [cl(int(p(a, B))]° where [cl(int(p(a, B))I° is an IFROS. Then by hypothesis, spcl(A) € [cl(int(p(a, B))I° = int(cl(p(a, B)%)) € cl(p(a, B)°) =(int(p(e, B)))°.
This implies that spcl(A) < (int(p(e, B)))¢. Therefore by Definition 2.10, int(p(a, B)) ¢ SPcI(A), which is a contradiction to the
hypothesis. Hence cl(int(p(a, B))) q A.

Theorem 3.19 Let F € A © X where A is an IFROS and an IFRGSPCS in X. Then F is an IFRGSPCS in A if and only if F is an
IFRGSPCS in X.

Proof: Necessity: Let U bean IFROS in X and F < U. Also let F be an IFRGSPCS in A. Then clearly F SAN U and A N U is an
IFROS in A. Hence the semipre closure of F in A, spcla(F) € A N U. By Theorem 3.17, A is an IFSPCS. Therefore spcl(A) = A and
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the semipre closure of F in X, spcl(F) € spcl(F) N spcl(A) = spcl(F) N A =spcla(F) € AN U < U. That is, spcl(F) € U whenever
F € U. Hence F is an IFRGSPCS in A.

Sufficiency: LetV be an IFROS in A such that F < V. Since A is an IFROS in X ,Vis an IFROS in X. Therefore spcl(F) € V, since
Fis an IFRGSPCS in X. Thus spcla(F) =spcl(F) N A€V N A € V. Hence F is an IFRGSPCS in A.

Theorem 3.20 Let (X, 1) be an IFTS, then for every A € IFSPC(X) and for every IFS B in X, int(A) € B € A = B € IFRGSPC(X).
Proof: Let A be an IFSPCS in X. Then by Definition 2.6, there exits an IFPCS, say C such that int(C) € A < C. By hypothesis, B
C A.Therefore B < C. Since int(C) € A, int(C) < int(A) and int(C) € B. Thus int(C) € B < C and by Definition 2.6, B € IFSPC(X).
Hence by Theorem 3.5, B € IFRGSPC(X).
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